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We study the Re´nyi holographic dark energy (RHDE) model by using the future and the particle
horizons as the infrared (IR) cut-off. With the initial condition from the literature, most of the
cosmological parameters are computed. Some of the results agree with the observation that the
present universe is in accelerating expansion and in a phantom phase.
I. INTRODUCTION
It is widely known that the universe is expanding with acceleration [1–3]. Many theoretical models have been
constructed to explain this behaviour. One of them are the dark energy model. There are various types of the
dark energy model. The most common and acceptable one is the Lambda Cold Dark Matter (ΛCDM) model.
ΛCDM has given consistent results with the observation, but it suffers from the cosmological constant problem
[4–9]. A lot of new dark energy models have been established to solve this issue. One of those is the holographic
dark energy (HDE) model proposed in [10]. Inspired by the holographic principle [11], the HDE model has the
dark energy density depending on the universe boundary physical quantities i.e. the reduced Planck mass Mp
and the cosmological length scale or the IR cut-off L. Several choices of the IR cut-off have been considered
[10, 12, 13], such as the Hubble horizon, the future horizon and the particle horizon, and in addition some new
IR cut-offs have been proposed such as Nojiri-Odintsov cut-off [14] and Granda-Oliveros one [15]. The energy
density of the original HDE model has arisen from the black hole entropy or the Bekenstein-Hawking entropy
[10, 16]. Some literature also has the studies of the HDE model with modified gravity theories [17–23] and
additionally the model unified with the inflation regime [24, 25]. The original HDE with the Hubble horizon as
the IR cut-off cannot lead to the accelerating expansion of the present universe [10]. As a cure, using the future
horizon yields the acceleration, however, it gives the big rip singularity [10]. By using generalized entropies
for further investigation, many types of HDE models are formed, such as Re´nyi HDE [26], Tsailis HDE [27]
and Sharmal-Mittal HDE [28]. For those models, different aspects have been investigated e.g. in [29–37], and
also there are some papers that the (dark) matter and the dark energy interaction has been considered such
as [13, 38–47]. The Re´nyi HDE model with the Hubble horizon is stable without including any interaction
[26] where the universe at present is in the quintessence phase. The recent observation [2, 3, 48–50] suggested
the universe phantom phase is favoured at the present time, so considering other regimes of the Re´nyi HDE
model without interaction would yield the present phantom phase corresponding to the observation. In this
research, we investigate the Re´nyi HDE model in two cases without considering the interaction. The first case
is studied by using the future event horizon as the IR cut-off, and we use the particle horizon as the cut-off
for the second case. The paper is organised as follows. First, we introduce a brief formation of the Re´nyi
HDE from the literature. Next, we derive equations describing the dynamics of the model where some of the
cosmological parameters are presented. Then we show the results containing some cosmological parameters
i.e. the deceleration parameter, the equation of state parameter, the dark energy density parameter, the ratio
between the (dark) matter and the dark energy, and the square of the sound speed of the dark energy. Finally,
we make a conclusion.
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2II. THE RE´NYI HOLOGRAPHIC DARK ENERGY IN BRIEF
From [26], in the unit of c = G = ~ = kB = 1, the Re´nyi entropy [51] is related to the Tsailis entropy [52] by
[26, 34, 53, 54]
SR =
1
δ
ln(1 + δST ), (1)
where SR, ST , δ are the Re´nyi entropy, the Tsailis entropy, and a real parameter respectively. The Bekenstein-
Hawking entropy is a type of the Tsailis entropy [26, 55, 56], so substituting this into (1) yields [26]
SR =
1
δ
ln(1 + δ
A
4
), (2)
where A is the surface area of the black hole horizon. For the case of holographic dark energy, A = 4piL2 where
L is the cosmological length scale or the IR cut-off. From the second law of thermodynamics, the assumption
ρDdV ∝ TdSR [26] leads to
ρD =
3C2
8piL2(1 + δpiL2)
, (3)
which is the Re´nyi holographic dark energy density where C is a numerical constant [10, 26].
III. EQUATIONS FOR DESCRIBING THE UNIVERSE DYNAMICS
We work in the flat Friedmann–Lemaˆıtre–Robertson–Walker spacetime with the metric
ds2 = −dt2 + a2(t) (dr2 + r2dΩ22) . (4)
Applying this together with the matter and the dark energy constituents [57] to the Einstein field equations,
we have the Friedmann equations:
H2 =
8pi
3
(ρD + ρm) or 1 = ΩD + Ωm (5)
and
2H˙ + 3H2 = −8piPD, (6)
where H = a˙/a, ρD, ρm, ΩD = 8piρD/
(
3H2
)
, Ωm = 8piρm/
(
3H2
)
, and PD are the Hubble parameter, the
dark energy density, the matter density, the dark energy density parameter, and the matter density parameter
respectively. Additionally, from the energy-momentum conservation, the continuity equations are given by
ρ˙m + 3Hρm = 0, (7)
ρ˙D + 3H(ρD + PD) = 0. (8)
Obviously, the equation (7) yields ρm = ρm0a
−3 where ρm0 is the matter density at present. Now we consider
two cases of the IR cut-off i.e. the future horizon [10]
Lf = a(t)
∫ ∞
t
dt′
a(t′)
=
a
H0
∫ ∞
a
da′
a′2E(a′)
(9)
and the particle horizon [10, 58]
Lp = a(t)
∫ t
0
dt′
a(t′)
=
a
H0
∫ a
0
da′
a′2E(a′)
, (10)
3where in the latter equalities H0 is the present value of the Hubble parameter H and for later convenience the
definition E(a) ≡ H/H0 is used. Let us consider the Re´nyi holographic dark energy density. From (3), we solve
for L2 as
L2 = − 1
2δpi
±
√
1
(2δpi)2
+
3C2
8pi2δρD
. (11)
For the case of δ > 0, it is obvious that we have to choose the plus sign, and for δ < 0 both the plus and
the minus signs look eligible. However, we encountered a numerical instability when we chose the plus sign for
δ < 0, so we use the minus sign for it. Using the initial condition at present a = a0 = 1, from the energy density
(3) and the Friedmann equation (5), we are able to determine the numerical constant
C2 = H20 (1− Ωm0)L20(1 + δpiL20), (12)
where L0 is the cut-off at a = 1. Using this together with H(a) = E(a)H0, the Friedmann equation (5) and the
energy density (3), we have an equation for E(a) as
E2(a) = Ωm0a
−3 +
(1− Ωm0)L20(1 + δpiL20)
L2(1 + δpiL2)
. (13)
To obtain the universe evolution, the function E(a) must be known. We can substitute the future or the particle
horizons into the above equation, and we have a nonlinear integral equation of E(a) which is quite tricky to
solve numerically. An easier way is to attain its differential version and solve it. We do this by differentiating
(9) and (10) with respect to the scale factor a, so we get
d
da
(
LH0
a
)
=
θ
a2E(a)
(14)
where L obtained from (13) is
L =
√√√√− 1
2δpi
±
√
1
4δ2pi2
+
C2
δpiH20 (E
2(a)− Ωm0a−3) . (15)
Again the {plus, minus} signs are for {δ > 0, δ < 0}. In (14), we have θ ∈ {−1,+1} corresponding to the
{future, particle} horizon cases. We eventually have (14) as the differential equation of motion for E(a), and
we then solve it numerically for the dynamics of the universe. The cosmological parameters can be written in
terms of E(a), the scale facter a, and the initial condition values. Some of them are the deceleration parameter
q ≡ −1− H˙
H2
= −1− a
E(a)
dE(a)
da
, (16)
the dark energy pressure
pD = −H
2
0E(a)
8pi
[2aE′(a) + 3E(a)] , (17)
the dark energy density
ρD =
3H20
8pi
[
E2(a)− Ωm0
a3
]
, (18)
the total equation of state parameter w = pD/ (ρD + ρm) [26], and for instability investigation the square of
the sound speed v2s = dpD/dρD. The results are shown in the next section.
IV. RESULTS AND DISCUSSION
We refer to the initial data from the Planck 2018 results [3]. In particular, we use H0 = 67 km/s/Mpc and
Ωm0 = 0.31 for the present values of the Hubble parameter and the matter density parameter respectively.
4FIG. 1: Plots of the deceleration parameter q vs the redshift parameter z for different values of δ where the left and the
right graphs are for the future and the particle horizon cases respectively.
Graphs of the deceleration parameter as a function of the redshift parameter z = 1/a − 1 for the cases of the
future and the particle horizons are shown in figure 1. From the plots, the future horizon case gives the present
accelerating expansion of the universe as well as the transition from a decelerating phase to an accelerating one.
On the other hand, the particle horizon case, for δ > 0, yields only decelerating expansions of the universe,
but for δ < 0 it has the transition between the decelerating expansion to the accelerating one, despite its small
negative value of q at present for the case of δ = −1000. Additionally, the plots for δ < 0 in the particle horizon
case end before reaching z = −1 due to a numerical instability. The graphs of the cosmic equation of state
parameter w are shown in figure 2. In the future horizon case, for most of the δ values, at present time the
FIG. 2: Plots of the cosmic equation of state parameter w vs the redshift parameter z. The left and the right plots are
for the future and the particle horizon cases respectively.
universe goes through the phantom phase which has been favoured by the recent observation [2, 3, 48–50]. In
the case of the particle horizon, for δ > 0 the cosmic equation of state is always not negative. This means
the universe is always in a decelerating phase. For δ < 0 the equation of state can go less than zero. This
indicates the quintessence phase [59] of the universe. Moreover, the dark energy density parameter ΩD and the
ratio between the (dark) matter and the dark energy, ρm/ρD, are plotted in figure 3 and 4 respectively. In
figure 3 and 4, for the future horizon case, the universe is in the matter-dominated era in the beginning z > 0
and then turns to the dark energy dominated era at present which corresponds to the ΛCDM model. However,
for the case of the particle horizon the universe starts with the dark energy dominated era and for δ > 0 it
turns to matter-dominated era in the cosmic future. This contradicts to the standard cosmology. For instability
analysis, let us consider the sound speed squared of the dark energy. The plots of it are in figure 5. At present
z = 0, we have v2s < 0 for the future horizon case. This means the future horizon choice of the IR cut-off for
the RHDE model yields an unstable universe, though we have not yet considered the interaction between the
(dark) matter and the dark energy. In the particle horizon case, it appears to be stable at present for most of
the δ values considered.
5FIG. 3: Plots of the dark energy density parameter ΩD vs the redshift parameter z where the left and the right plots
are for the future and the particle horizon cases respectively.
FIG. 4: Plots of the ratio between the (dark) matter and the dark energy density ρm/ρD vs the redshift parameter z.
The left and the right plots are for the future and the particle horizon cases respectively.
V. CONCLUSION
We have investigated the Re´nyi HDE model of which the IR cut-off is the future and the particle horizons. For
the future horizon case, it shows the present universe is in the accelerating expansion and in the phantom phase.
It also shows the transition from deceleration to acceleration of the expansion in the cosmic past. However,
there is instability occurred due to the negativity of the square of the sound speed, v2s < 0. The case of the
particle horizon, on the other hand, has two different subcases showing different results. The subcase of δ > 0
does not yield the acceleration of the universe expansion at any point in cosmic history. Furthermore, the
subcase of δ < 0 can give either the present acceleration or deceleration of the universe expansion. This subcase
is stable at present for some values of δ since the sound speed squared is not negative. However, the matter
constituent history for this subcase does not correspond to ΛCDM that the (dark) matter is dominated in the
past of cosmic time. We hope inclusion of interaction between the (dark) matter and the dark energy will
alleviate the domination and the instability issues which are left for future work.
6FIG. 5: Plots of the square of the dark energy sound speed v2s vs the redshift parameter z. The left plot is for the future
horizon case while the right plot is for the particle horizon one.
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